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The critical nozzle has frequently been employed to measure the flow rate of various gases, but hydrogen gas,

especially at high-pressure conditions, was not dealt with nearly as much using the critical nozzle due to treatment

danger. According to experimental data obtained recently, it was reported that the discharge coefficient of hydrogen

gas through the critical nozzle exceeds unity in a specific range ofReynolds numbers.No detailed explanation on such

anunreasonable valuewasmade, but it was vaguely inferred as real gas effects. For the purpose of the practical use of

high-pressure hydrogen gas, systematic research is required to clarify the critical nozzle flow of high-pressure

hydrogen gas. In the present study, a computational fluid dynamics method has been applied to predict the critical

nozzle flow of high-pressure hydrogen gas. Several kinds of real gas equations that take into account the forces and

volume of molecules of hydrogen gas were incorporated into the axisymmetric, compressible Navier–Stokes

equations. A fully implicit finite volume scheme was used to numerically solve the governing equations. The

computational results were validated with available experimental data. The results show that the discharge

coefficient is mainly influenced by the compressibility factor and the specific heat ratio, which appear more

remarkable as the inlet total pressure of hydrogen gas increases.

Nomenclature

A� = cross-sectional area at nozzle throat
Cd = discharge coefficient
Cp = specific heat at constant pressure
C� = critical flow factor
c = speed of sound
D = diameter of nozzle throat
E = internal energy
H = total enthalpy per unit mass
K = thermal conductivity
Mw = molecular weight
_m = mass flow rate
pa = absolute pressure, back pressure
pc = critical pressure
po = inlet total pressure
ps = static pressure
R = gas constant
Re = Reynolds number
S = entropy
T = temperature
Tc = critical temperature
To = inlet total temperature
t = time
v = velocity
vc = critical specific volume

x = distance
Z = compressibility factor
� = specific heat ratio
� = viscosity coefficient
� = density

Introduction

T HE critical nozzle is one of the flow metering devices being
used extensively in industrial areas dealing with gases. It makes

use of the concept of flow choke that occurs at the nozzle throat [1].
Under choked flow conditions, pressure variations in the flowfield
downstream of the nozzle have a negligible influence on the mass
flow rate, and the coefficient of discharge is easily obtained only by
the flow properties measured upstream of the nozzle. According to
one-dimensional gas dynamics theory, the mass flow through the
critical nozzle is given as a function of the pressure and temperature
upstream of the nozzle, the nozzle throat diameter, and the specific
heat ratio of gas [2].

A considerable amount of research has investigated the gas flow
features through the critical nozzle. According to these results [3–5],
the mass flow rate and critical pressure ratio are strong functions of
the Reynolds number, based upon the velocity at the nozzle throat
and the diameter of nozzle throat. At high Reynolds numbers, the
coefficient of discharge approaches unity, indicating that the one-
dimensional, inviscid theory reasonably predicts the mass flow. It is
known that at lower Reynolds numbers, the coefficient of discharge
is considerably lower than unity [6,7]. This is due to the wall
boundary-layer effects on the mass flow rate through the critical
nozzle.

Recently, Kim et al. [8,9] reported the discharge coefficients of a
variety of gases for a quite wide range of Reynolds numbers using a
computational fluid dynamics method. The flow characteristics
through the critical nozzle have been well documented at both
considerably low and high Reynolds number regimes.

Of the many kinds of working gases employed in industrial field,
hydrogen gas is one of themost promising gases as alternative energy
for the future. For instance, a hydrogen fuel cell, which is being
considered as the driving power system of vehicles, yields high-
pressure hydrogen gas nearly at atmospheric temperature. In such an
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application, precise measurement of the flow rate is of practical
importance to the mileage and power output of the vehicle.

In the past, a large number of works [10–13] have investigated the
thermophysical properties of hydrogen gas, which are specified by
some different kinds of the equations of state, the critical pressure,
the compressibility factor of hydrogen gas, etc.

However, to date, only a few studies have focused on the mass
flow rate of high-pressure hydrogen gas through the critical nozzle,
due to treatment difficulties. Recently, Nakao [14] conducted the
flow rate measurement of hydrogen gas using a critical nozzle and
found that the discharge coefficient of hydrogen gas exceeds unity in
a specific Reynolds number regime. He vaguely inferred that this
unreasonable value of the discharge coefficient would be due to real
gas effects or any other measurement errors. No detailed explanation
has been made for this abnormal discharge coefficient of high-
pressure hydrogen gas.

Some researchers [5,8,9] are devoted to computations of the
axisymmetric Navier–Stokes equations, but they have employed the
perfect gas law to simulate the critical nozzle flows. Therefore, all of
the research conducted has failed in predicting such unreasonable
behavior of the discharge coefficient at high-pressure conditions. To
the authors’ knowledge, there is no work documenting the real gas
effects on the critical nozzle flows at high-pressure conditions. The
present study aims at investigating the detailed flow of high-pressure
hydrogen gas through the critical nozzle, with the help of a
computational fluid dynamics (CFD) method. In the computations,
several kinds of real gas equations that take into account the forces
and volume effects of the intermolecules of hydrogen gas were
incorporated into the axisymmetric, compressible Navier–Stokes
equations. A fully implicit finite volume scheme was used to
numerically solve the governing equations. The computational
results were validated with available experimental data.

Computational Analysis

Governing Equations

The high-pressure hydrogen gas flow through the critical nozzle is
simulated using a CFD method. The governing equations are given
by the conservation forms of mass, momentum, and energy. The
axisymmetric, mass averaged, time-dependent Navier–Stokes
equations, which use a k–" turbulent model, are employed in the
present computations [1,8]. The resulting equations are expressed in
an integral form:

�
@

@t

Z
V

Q dV �
I
�F � G� dA� 0 (1)

where F and G are the inviscid and viscous flux vectors in the
standard conservation form and Q is the dependent vector of the
primary variables.

F� ��v; �vvx � pî; �vvy � pĵ; �vvz � pk̂; �vH�T

G� �0; �xi; �ji; �zi; �ijvj � q�T Q� �p; vx; vy; vz; T�T
(2)

In these equations, H is the total enthalpy per unit mass and is
related to the total energyE byH � E� p=�, whereE includes both
internal and kinetic energies. The preconditioning matrix � is
included in Eq. (1) to provide an efficient solution of the present
axisymmetric compressible flow. This matrix is given by

��

� 0 0 0 �T
�vx � 0 0 �Tvx
�vy 0 � 0 �Tvy
�vz 0 0 � �Tvz
�H �vx �vy �vz �TH � �Cp

2
66664

3
77775 (3)

where �T is the derivative of the density with respect to the
temperature at a constant pressure. The parameter � is defined as

�� �1=U2
r � � ��TH � �Cp� (4)

In Eq. (4), the reference velocity Ur is chosen such that the
eigenvalues of the system remainwell conditionedwith respect to the
convective and diffusive time scales, and Cp is the specific heat at a
constant pressure.

The preconditioned governing equations are discretized spatially
using a finite volume scheme in which the physical domain is
subdivided into numerical cells and the integral equations are applied
to each cell. Also, for the time derivatives in the governing equations,
an implicit multistage time stepping scheme, which is advanced from
time t to time t��twith amultistage Runge–Kutta scheme, is used.

Equations of State of Real Gas

Hydrogen gas has little attraction between molecules so that it is
inert in character until the molecules are disrupted. Major properties
of such a hydrogen gas are summarized in Table 1. The critical
temperature and pressure are �240	C (33 K) and 1.3 MPa,
respectively. Assuming an ideal gas, the specific heat ratio of
hydrogen gas is about 1.41.

Many works have been conducted to document these
thermodynamic properties of hydrogen gas, which are in a
thermodynamically equilibrium state or in low-speed flows with
negligible compressibility effects. However, the critical nozzle flows
are transonic or supersonic, being subject to strong compressibility
effects. The real gas effects of hydrogen gas at high-pressure
conditions should be fully incorporated into the governing equation
system.

Meanwhile, the compressibility factor (Z) has been often used to
evaluate the real gas effects, as

Z� pv
RT

(5)

According to Eq. (5), the compressibility factor of real gas is
influenced by both the temperature and pressure and is expressed by a
form of power series using virial coefficients. From the point of view
of kinetic theory or statistical thermodynamics of hydrogen gas,
Eq. (6), called a virial equation, is frequently given as a polynomial
function of specific volume:

Z� pv
RT
� 1� B�T�

v
� C�T�

v2
�D�T�

v3
� 
 
 
 (6)

where B�T�, C�T�, and D�T� are the virial coefficients that are
dependent only on temperature.

Equation (6) can be used to document the p–v–T behaviors for all
gases, but it is often troublesome due to the infinite series. Some
cubic equations of state using a molecular volume are alternatively
employed to explain the p–v–T behaviors in a wide range of
temperatures and pressures, which are based upon van der Waals
equation and the Benedict–Webb–Rubin (BWR) equation [15].
Later, inYang et al. [16], Lee andKeslermodified the BWRequation
as follows:

Z� prv
0
r

Tr
� 1� B

v0r
� C

v02r
� D

v05r
� c4
T3
r v
02
r

�
�� �

v02r

�
exp

�
� �
v02r

�
(7)

where pr, Tr, and vr are the reduced pressure, temperature, and
specific volume, respectively, based on the critical point, which is
denoted by the subscript c, and these are defined as

Table 1 Thermodynamic properties of hydrogen gas

Gas constant Specific heat ratio Critical pressure Critical temperature Critical compressibility factor Molecular weight

4120 J=kg 
 K 1.41 1.3 MPa 33.3 K 0.306 2:016 kg=kmol
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pr �
p

pc
; Tr �

T

Tc
; vr �

v

vc
(8)

In Eq. (3), B, C, and D are given by

B� b1 �
b2
Tr
� b3
T2
r

� b4
T3
r

; C� c1 �
c2
Tr
� c3
T3
r

;

D� d1 �
d2
Tr

The variable v0r is defined as

v0r �
v

RTc=pc
(9)

where v0r is equally treated with the reduced specific volume
(vr � v=vc) in Eq. (8).

Redlich and Kwong have improved the van der Waals equation to
obtain the compressibility factor more accurately, as follows [12]:

p� RT

v � ~b
� a�T�
v�v� b0�

(10)

where

v� 1

�
; a�T� � a0

�
Tc
T

�
n

; ~b� b0 � c

a0 � 0:42747
R2T2

c

pc
; b0 � 0:08664

RTc
pc

;

c0 �
RTc

pc � a0
vc�vc�b0�

� b0 � v

In the case of hydrogen gas, the n value in the function of a�T� is
given by n� 0:31. In general, Eq. (10) can be expressed as a
polynomial function of the specific volume:

v3 � a1v2 � a2v� a3 � 0 (11)

where

a1 � c0 �
RT

p
; a2 ��

�
~bb0 �

RTb0
p
� a�T�

p

�
;

a3 ��
a�T� ~b
p

The derivatives of the specific volume with respect to the
temperature and pressure can be determined from Eq. (10) using
implicit differentiation:�

@v

@p

�
T

��
�a1�0pv2 � �a2�0pv� �a3�0p

3v2 � 2a1v� a2
(12)

�
@v

@T

�
p

�� �a1�
0
Tv

2 � �a2�0Tv� �a3�0T
3v2 � 2a1v� a2

(13)

�a1�0p �
RT

p2
; �a2�0p �

RTb0 � a�T�
p2

; �a3�0p �
a�T� ~b
p2

�a1�0T ��
R

p
; �a2�0T �

�Rb0 � da�T�
dT

p
;

�a3�0T ��
da�T�
dT

~b

p
;

da�T�
dT
��n a�T�

T

Using Eqs. (12) and (13), the derivatives of density can be
obtained from the following relations:

�
@�

@p

�
T

���2
�
@v

@p

�
T

(14)

�
@�

@T

�
p

���2
�
@v

@T

�
p

(15)

According to Augnier’s work [17], the enthalpy of a real gas is
given as

H �H0�T� � pv � RT � a�T�
b0
�1� n� ln

�
v� b0
v

�
(16)

where H0�T� is the enthalpy function of a thermally perfect gas. In
the present study, the specific heat of such a thermally perfect gas is
assumed as

H0�T� �
Z
T

T0
C0
p�T� dT � C1T �

1

2
C2T

2 � 1

3
C3T

3 � 1

4
C4T

4

� 1

5
C5T

5 �H0�T0� (17)

where C1–C5 are the polynomial coefficients, which are given by

C1 � 12607:068; C2 � 11:039948;

C3 ��2:396044E � 2; C4 � 2:2768604E � 5;

C5 ��7:472688E � 9

Thus, the specific heat of a real gas can be obtained by
differentiating Eq. (17) with respect to temperature:

Cp �
�
@H

@T

�
p

� C0
p�T� � p

�
@v

@T

�
p

� R

� da�T�
dT

�1� n�
b0

ln
�
v� b0
v

�
� a�T��1� n�

�
@v
@T

�
p

v�v� b0�
(18)

The derivative of the enthalpy with respect to the pressure is
obtained using the following relation:�

@H

@p

�
T

� v � T
�
@v

@T

�
p

(19)

where the entropy is given by

S� S0�T; p0� � R ln
�
v � ~b

v0

�
�
�da�T�

dT
�

b0
ln
�
v� b0
v

�
(20)

where the superscript 0 refers to a reference state based upon the ideal
gas law. For an ideal gas at a fixed reference pressure p0, the entropy
is given by

S0�T; p0� � S�T0; p0� �
Z
T

T0

C0
p�T�
T

dT

� S�T0; p0� � C1 ln �T� � C2T �
1

2
C3T

2 � 1

3
C4T

3

� 1

4
C5T

4 � f�T0� (21)

The speed of sound of real gas is determined from the following
thermodynamic relation:

c� v
����������������������������������

Cp
R � Cp

�
1

�@v
@p
�T

s
(22)

The dynamic viscosity is given as [18]

��T� � 6:3 � 10�7
M0:5
w p

0:6666
c

T0:1666
c

�
T1:5
r

Tr � 0:8

�
(23)
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where Tr is the reduced temperature defined in Eq. (8) andMw is the
molecular weight of real gas.

Using this viscosity, the thermal conductivity is obtained from the
Eucken formula [19]:

�� �
�
CP � 5

4
R

�
(24)

In the present study, the thermodynamic properties obtained by
these equations are incorporated into the governing equation system
and numerically solved to assess the real gas effects of high-pressure
hydrogen gas.

Figure 1 shows the effects of temperature and pressure on the
compressibility factor Z of hydrogen gas. If hydrogen is assumed to
be an ideal gas, the compressibility factor is 1.0, regardless of
pressure. It is interesting to note that, in the cases of temperatures of
200 and 300 K, the virial equation of state predicts a monotonous
increase in Z with pressure, whereas at a temperature of 100 K, it
drops below 1.0 in the range of a certain pressure. Redlich–Kwong’s
equation of state gives similar results with the virial equation of state,
whereas Lee–Kesler’s equation of state predicts a little lower
compressibility factor compared with the virial and the Redlich–
Kwong’s equations of state. It is known that the real gas effects differ
depending on the equations of state employed. Thus, more
systematic study is required to accurately evaluate the hydrogen gas
flow at a high pressure. In the present study, Redlich–Kwong’s
equation of state is selected to simulate the high-pressure hydrogen
gas through the critical nozzle, because it exhibits better agreement
with the virial equation of state.

To scrutinize the dependence of the temperature and pressure on
the compressibility factor of hydrogen gas, Fig. 2 shows the
calculation results using Redlich–Kwong’s equation of state. When
the pressure is quite low, the compressibility factor approaches 1.0,
the same as that of an ideal gas regardless of the temperature.
However, as the pressure increases, the compressibility factor
becomes a strong function of the temperature; at a low temperature,
the compressibility factor decreases and then increaseswith pressure,

after reaching a minimum value. It seems that the minimum value is
dependent on the gas temperature. However, at a high temperature,
such a trend is no longer found, and the compressibility factor is a
simply increasing function of the pressure. This is because the
molecular weight of hydrogen gas is very low and the intermolecular
attraction force is less compared with the other gases.

Computational Conditions and Boundary Conditions

The critical nozzle employed in the present study is of a typical
conical type [1,8] and its diameter D at the throat is 0.6 mm. A
convergent part with a radius of curvature of 2:0D is given upstream
of the nozzle throat. The straight divergent part has a half-angle of
4 deg, and its axial length is 5:0D.

The computational domain and boundary conditions used in the
present study are illustrated in Fig. 3. The pressure inlet and outlet
boundary conditions are applied to the nozzle entrance and exit,
respectively, where the inlet total pressure (po) and back pressure
(pa) of nozzle, respectively, are assumed. The symmetric conditions
are assumed at the axis of the present critical nozzle, and this reduces
a computational effort for the full domain. The adiabatic, no-slip
condition is applied to the solid walls.

In the present study, the nozzle pressure ratio is defined as pa=po
and its value is constant at 0.5, but the inlet total pressure is varied in
the range of 2.0–350.0 bar at a fixed total temperature, T0 � 288 K.

Figure 4 shows the computational grid system. A structured grid
system with about 45,000 grid points was employed in the present
computations. The grids were densely clustered in the boundary
layers and the nozzle throat so as to provide reasonable solutions.
Several preliminary computations have been performed to ensure the
grid independent solutions, using the available existing experimental
data. The results have shown that the solutions obtained are no longer
changed for more than 40,000 grid meshes.

Results and Discussion

In Fig. 5, the present computations are validated with the
experimental results [20] using hydrogen and oxygen gases, inwhich
the Reynolds number is based on the diameter of the nozzle throat
and the total properties at the inlet of the nozzle. It is known that the
coefficient of discharge is a strong function of the Reynolds number,
and the predicted coefficients of discharge are in good agreement
with the experimental results. It is believed that the present
computational method effectively predicts the gas flow through the
critical nozzle.

Figures 6 and 7 show the static pressure (ps) distributions of the
hydrogen gas flow along the nozzle axis and wall surface,
respectively. The pressure ratio (pa=po) is fixed at 0.5, and the axial
distance (x) from the nozzle throat is normalized by the throat
diameter (D). The static pressure along the nozzle axis decreaseswith
the distance and then suddenly increases when the flow meets the
shockwave, which has complicated structures due to the shockwave
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Fig. 3 Schematic diagram of the critical nozzle flowfield.
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boundary-layer interaction. The shock wave moves downstream as
the inlet total pressure increases. It is noted that for the same po, the
real gas effect causes the shock wave to be located further
downstream compared with the ideal gas. This is qualitatively the
same influence as the inlet total pressure on the shock locations.

Similar characteristics are also found in the static pressure
distributions on the upper wall of the critical nozzle in Fig. 7, in
which the static pressure rise at the shockwaves is more gradual than
that along the nozzle axis and the pressure jump is less, due to the
stronger interaction between the shock wave and wall boundary
layer. In both Figs. 6 and 7, it should be noted that the real gas effect
reduces the static pressure at the nozzle throat compared with the
ideal gas. This implies that the mass flow through the critical nozzle
can be different due to the real gas effect.

Figure 8 shows the real gas effect on the mass flux at the nozzle
throat. Note that �utheo means a theoretical mass flux at the throat,
based upon the one-dimensional isentropic relation. At
po � 2:02 MPa, the mass flux distributions for both the real and
ideal gases are nearly the same, but at po � 20:27 MPa, they are
different, mainly in the region outside the boundary layer.

Meanwhile, according to the one-dimensional gas-dynamics
theory, the theoretical mass flow rate through the critical nozzle is
given by Eq. (25):

_m� A�C�po
���������
RTo

p
(25)

where A� is the cross-sectional area at the nozzle throat and C� is a
critical flow factor, which is only defined in terms of the specific heat
ratio:

C� � ���
�
p �

�
� � 1

2

��1��=2�1����
(26)

The coefficient of the discharge Cd is usually defined as

Cd �
_m

_mtheo

(27)

where _mtheo is the mass flow rate calculated by the one-dimensional
gas-dynamics theory.

Figure 9 shows the comparison of the predicted and experimental
[14] discharge coefficients. At present, the only experimental data for
high-pressure hydrogen gas are available in Nakao [14]. In 1965,
Johnson [10] calculated the specific heat ratio using the virial
equation of state and tabulated the thermodynamic properties of the
hydrogen gas flow through the critical nozzle. These data are yielded
in Eqs. (26) and (27) to obtain the coefficient of the discharge. It is
interesting to note that the experimental data show a higher
coefficient of the discharge than unity in the range of Reynolds
number below 6:0 � 105. In the present study, this unreasonable
trend, whether it comes from the real gas effect or from the
experimental error, is not well understood.

One more noticeable trend in the coefficient of the discharge can
be found in the range of Reynolds numbers above 6:0 � 105, where
the coefficient of the discharge decreases with an increase in the
Reynolds number. This obviously differs from the trend that has
reported by many researchers [6–8]. A similar trend is found in
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Johnson’s data [10], but no data of the coefficient of the discharge
exceed unity.

For an ideal gas assumption, the present computational results
predict the coefficient of the discharge, which increases with the
Reynolds number and then approaches a certain constant value [1].
However, the present computation taking into account the real gas
effect is qualitatively similar to Johnson [10] andNakao [14], but still
fails in predicting the higher coefficient of the discharge than unity.
Unfortunately, a clear and persuasive reasoning for this is, at present,
not known. Such a trend in the discharge coefficient can give rise to a
significant error in the mass flow of hydrogen gas at high-pressure
conditions. More studies are needed to elucidate this ambiguous
problem.

Figure 10 shows the real gas effect on the boundary-layer flow at
the nozzle throat. It is known that the boundary-layer flow exhibits a
typical turbulent profile expressed by the law of the wall and the law
of the wake, in which the viscous sublayer occurs in the y� value less
than 5.0. It seems that the boundary-layer profile becomes slightly
fuller aspo increases. It is, however, not obvious whether there is the
real gas effect in the boundary-layer flow. Thus, it is believed that the
variation in the Cd value with the Reynolds number does not stem
from the displacement effect of the boundary-layer flow at the nozzle
throat.

To investigate the real gas effect of hydrogen gas flow in more
detail, the predicted compressibility factor and mass flux along the
nozzle axis are presented in Figs. 11 and 12, together with the
computed isodensity contours. Forpo � 2:02 MPa, some difference
between the real and ideal gases is observed in the isodensity
contours,mainly in the region downstreamof x=D� 2:0. This is also
found in the distributions of the mass flux along the nozzle axis,
where both the cases are essentially the same upstream of the sudden
jump that is generated by the shock wave, but the real gas effect
causes the location of the sudden jump in the mass flux to move
further downstream compared with the ideal gas.

The computed compressibility factors for the real gas seem to
decrease during the acceleration of the flow through the nozzle throat

and then slightly increase as it meets the shock wave. However, the
computed compressibility factors for the real gas are slightly
different from those of the ideal gas assumption, which are 1.0.

A big difference between the computed compressibility factors for
the real and ideal gases can be found in Fig. 12, where
po � 20:27 MPa. Upstream of the shock wave, at x=D� 2:6, the
compressibility factor greatly decreases with the distance and, at the
shock wave location, it sharply increases due to the compression
effect of the shock wave. There is also some difference in the mass
flux distributions upstream of the shock wave. Thus, it is concluded
that at high-pressure conditions, the compressibility factor of the real
gas can be one of the reasons for a variation of the discharge
coefficients that were discussed in Fig. 9.

One of theflowproperties influencing themassflow rate of the real
gas can be the specific heat ratio. Figure 13 shows the axial
distributions of the computed values of the specific heat ratio of
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Fig. 10 Comparison of the boundary layer profiles at the nozzle throat.

Fig. 11 Distributions of predicted compressibility factors and mass

fluxes along the nozzle axis (po � 2:02 MPa).

Fig. 12 Distributions of predicted compressibility factors and mass

fluxes along the nozzle axis (po � 20:27 MPa).
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hydrogen gas.Note that the specific heat ratio for ideal gas is constant
at 1.41. The specific heat ratio for real gas increases as the flow is
accelerated through the nozzle throat, and it sharply decreases at the
location of the shock wave. Such a tendency appears similarly for
real gas, regardless of the po values applied. However, the sudden
drop in the specific heats seems to be more significant when po
increases. It is interesting to note that, at the nozzle throat, the specific
heat ratio remains nearly constant at 1.41 when po is less then
1.01MPa, but it significantly decreases aspo increases. At the nozzle
throat, this variation in the specific heat ratio with po has an
appreciable importance on the mass flow rate of hydrogen gas
through the critical nozzle. Therefore, the real gas effect should be
included in evaluating the performance and accuracy of the critical
nozzle as a flow metering device.

Conclusions

The present paper addresses a computational study to investigate
the flow features of high-pressure hydrogen gas through the critical
nozzle using a fully implicit finite volume method. To simulate the
forces and volume effects of the intermolecules of hydrogen gas at a
high pressure, several kinds of virial equations of state were
employed and incorporated into the axisymmetric, compressible
Navier–Stokes equations. The computational results were in good
agreement with the critical nozzle flow with a comparatively low-
pressure hydrogen gas, making them reasonably applicable to the
ideal gas assumption, but they were not successful in accurately
predicting the real gas effect at high-pressure conditions. The present
study is the first attempt to simulate high-pressure hydrogen gas flow
through the critical nozzle using a computational method, and it
emphasizes the necessity ofmore research to properly predict the real
gas effects occurring at high-pressure conditions.

Several important and meaningful conclusions obtained from the
present study are summarized. Redlich-Kwong’s equation of state
predicts the real gas effects of high-pressure hydrogen gas
comparatively well. However, unlike the coefficient of the discharge
of ideal gas that has been obtained to date, the coefficient of the
discharge of real gas through the critical nozzle decreases with an
increase in the Reynolds number, as the Reynolds number exceeds a
certain value. It is believed that this is not due to the displacement
effect of the boundary layer at the nozzle throat butmainly results from
the thermodynamic properties of real gas, such as the compressibility
factor and the specific heat ratio, which appearmore remarkable as the
total pressure of hydrogen gas increases. Thus, the performance of the
critical nozzle to measure high-pressure hydrogen gas flow should be
studied and validated more systematically and thoroughly before
practical application. In addition,moreworks should be directed to the
improvement of the existing thermodynamic state of equations, which
are reasonably capable of predicting the real gas effects in transonic
and supersonic flows.
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